We give a practical criterion characterizing the monogenicity of the integral closure of a Dedekind ring R, based on results on the resultant Res(P , P i ) of the minimal polynomial P of a primitive integral element and of its irreducible factors P i modulo prime ideals of R. We obtain a generalization and an improvement of the Dedekind criterion (Cohen, 1996) and we give some applications in the case where R is a discrete valuation ring or the ring of integers of a number field, generalizing some well-known classical results.
Introduction. Let K be an algebraic number field and let O K be its ring of integers. If O K = Z[θ]
for some number θ in O K , we say that O K has a power basis or O K is monogenic. The question of the existence of a power basis was originally examined by Dedekind [5] . Several number theorists were interested in and attracted by this problem (see [7, 8, 9] ) and noticed the advantages of working with monogenic number fields. Indeed, for a monogenic number field K, in addition to the ease of discriminant computations, the factorization of a prime p in K/Q can be found most easily (see [4, Theorem 4.8.13, page 199] ). The main result of this paper is Theorem 2.5 which characterizes the monogenicity of the integral closure of a Dedekind ring. More precisely, let R be a Dedekind domain, K its quotient field, L a finite separable extension of degree n of K, α a primitive element of L integral over K, P (X) = Irrd(α, K), m a maximal ideal of R, and O L the integral closure of R in L. Assume that P (X) = 
.,r }, v m (Res(P i ,P)) = deg(P i ), where
v m is the m-adic discrete valuation associated to m. This leads to a necessary and sufficient condition for a simple extension R[α] of a Dedekind ring R to be Dedekind. At the end, we give two illustrations of this criterion. In the second example, we give the converse which was not known yet. a maximal ideal of R, and O L is the integral closure of R in L. Let f and g be two polynomials over R; the resultant of f and g will be denoted by Res(f , g) (see [11] ). 
Proof. We obtain the result from the isomorphism R[α] R[X]/ P (X)
, the properties of an integrally closed ring and its integral closure, and the properties of a multiplicative closed subset of a ring R, notably,
Definition 2.3. Let R be a discrete valuation ring (DVR), p = πR its maximal ideal, and α an integral element over R. Let P be the minimal polynomial of α,
where
(where (·, ·) denotes the greatest common divisor (gcd)). If R is a Dedekind ring and p is a prime ideal of R, then we say that
(2) Let π be ramified in R [α] , that is, there is at least one i such that e i ≥ 2. Let S = {i ∈ {1,...,r } | e i ≥ 2} and
(3) Definition 2.3 is independent of the choice of the monic lifting of theP i . More precisely, let
. Indeed, we may assume that R is a DVR and p = πR.
Replacing g by πV 1 +f and k by πV 2 +h, we find thatT =Ū +V 1h +V 2f and therefore 
Localizing at p and applying Nakayama's lemma, we find that pR p = vR p .
Lemma 2.7. Let R be a commutative integral domain, let K be its quotient field, and consider P,g,h,T ∈ R[X]. If g is monic and P
= gh + πT , then Res(g, P ) = π deg(g) Res(g,
T ). In particular, if m = πR is a maximal ideal of R and ifP (X) = r i=1P e i i (X) is the decomposition ofP into irreducible factors in (R/m)[X], with P i (X) ∈ R[X] a monic lifting ofP i (X) for 1 ≤ i ≤ r , and
T (X) = π −1 (P (X) − r i=1 P e i i (X)) ∈ R[X], thenRes P i ,P = π deg(P i ) Res P i ,T (2.5)
and (P i ,T ) = 1 in (R/m)[X] if and only if
Proof. Let x 1 ,...,x m be the roots of g in the algebraic closureK of K. It is then easy to see (see [11] ) that Res(g, P ) =
The second result follows from Res(P i ,P ) = Res(P i ,P) and [2, Corollary 2, page 73].
Proof of Theorem 2.5. By Proposition 2.2, we may assume that R is a DVR. Let p be a prime ideal of R and
with
and R p is a local ring, so by [14, Lemma 4, page 29] (see also [3] ) the ideals Ꮾ i = πA+P i (α)A (i = 1,...,r ) are the only maximal ideals of A, so A is integrally closed if and only if Ꮽ Ꮾ i is integrally closed for every i = 1,...,r . More generally, we prove that every Ꮽ Ꮾ i is a DVR. Since R p is Noetherian, so
We conclude that Ꮽ Ꮾ i is a DVR and therefore an integrally closed ring, and
(b) We will now prove that
. We first show that the ring Ꮽ Ꮾ i is a DVR, for every i. Indeed, R p is a Dedekind ring and L is a finite extension of K, and it follows from [10,
, and we find that
We now show that 
for every i, and T (α) ∈ U(A); otherwise, Krull's theorem implies the existence of a maximal ideal Ꮾ i of A such that T (α) ∈ Ꮾ i , and 
Corollary 2.9. Under the assumptions of Theorem 2.5, if O L = R[α], then, for every prime ideal p of R, R p [α] is principal and Ꮾ i = P i (α)R p [α] for every i.
Proof. Indeed, a Dedekind ring having only a finite number of prime ideals is principal. To prove the second statement, take x ∈ A such that Ꮾ i = xA. 
Proof. We obtain the result from the fact that O K = Z[α] if and only if Ind(α) = 1, and Disc(P ) = (Ind(α))
2 d K (see [6] , [4, page 166] ).
Proposition 3.2. LetP (X) = r i=1P e i i (X) be the factorization of P (X) modulo p in F p [X], and put f (X)
. Then the following statements are equivalent: [α] . By the finiteness theorem [13, page 48] 
On the other hand, 
Res(P i ,T ) and 
Proof. It suffices to apply Propositions 3.1 and 3.2, and Theorem 2.5.
Remark 3.4. Proposition 3.2 provides a complement to the Dedekind criterion (see [4, page 305] 
We finish this section giving other conditions equivalent to p not being a divisor of Ind(α). 
Proof.
(ii) (iii). Consider the following map of F p -vector spaces:
As Proof. We have P (X) = X p − a = Irrd(α, Q) and
If p is odd, the only prime numbers q such that q 2 divides Disc(P ) are p and the prime divisors of a. If p = 2, then 2 is the only prime number q such that q 2 divides Disc(P ).
Let q be a prime number such that q 2 divides Disc(P ). We have two cases:
and then Res(g, P ) = P (a) = a p − a;
, with g(X) = X and then
Res(g, P ) = P (0) = −a. In both cases, the result is deduced from Theorem 3.3.
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